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Abstrat : We extend the usual notion of parallel transport along a path to triangulated
surfaes. In the one-dimensional ase, eah path in a base spae X is lifted into a ber bundle
with onnetion and this operation denes a morphism between the bers above the boundary
points of the path. In two dimensions, we dene a bered ategory over the spae Π̂ of paths
in X and we assoiate to eah homotopy of paths a funtor between the bers above the two
boundary paths of the swept surfae. These sweeping funtors transport the information from
the initial path to the nal one. We disuss the abelianisation problem and we onjeture that
the smooth limit of the sweeping funtors, although not invariant under the ation of the group
of dieomorphisms of the swept surfae, will provide a spae of representation for this group.
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1 Introdution and physial motivation
In lassial and quantum physis, point partiles arry information (momentum, spin, olor, ...
) along their world-line and this evolution is obtained by lifting a path (γ : [0, 1] → X), de-
sribed by this partile in the spae-time manifold X , into a vetor bundle (E → X) arrying
a representation, R, of a group G. Then a onnetion on E provides a map (fγ : Fx → Fy)
between the bers Fx and Fy above the end points x = γ(0) and y = γ(1). fγ is the parallel
transport operator assoiated to all these data. When the path is losed (x = y), we obtain an
automorphism of the ber Fx, the trae of whih is invariant under the ation of G. Sine the
work of K. Wilson [1℄, we have a riterion for onnement of quarks in strongly oupled non-
Abelian gauge theories : the basi observables are holonomy orrelators, W (γ) = 〈tr(fγ) · ··〉.
The asymptotis W (γ) ∼ exp(−λAmin(γ)), valid in the strongly oupled phase, reets the
ollimation of ux lines and the onentration of energy on stringlike exitations sweeping a
surfae in spae-time, with a string tension ∼ λ. Moreover, if we wish to dene order/disorder
operators in Yang-Mills theory, analogous to those dened in two dimensions, we need a general
notion of two-dimensional parallel transport. In order to extend the denition of holonomies to
surfaes mapped into a manifold X , we will try to answer the following questions :
- Whih bered spaes are adapted to lift surfaes ?
- How to dene a non-Abelian notion of two-dimensional parallel transport ?
It is known that gerbes (a kind of bered spae whose bers are ategories) are the orret
setting to answer these questions ([2℄, [10℄, [11℄), but we do not yet have a full understanding
of these spaes when the symmetries form a non-Abelian group, as in gauge theories.
Let G be a loally ompat, topologial group. This will be our loal symmetry group. We
will take a polyhedron P as a base spae in order to have a loally nite number of degrees of
freedom. We have in mind the triangulation of a surfae immersed in a manifold. Our build-
ing bloks will be the verties, edges and triangles of this polyhedron. If we want to dene a
disretized gauge theory from these data, we an assoiate a opy of G to eah vertex and an
element of G to eah edge, and interpret this as a disretized version of G-bundle with on-
netion. More generally, in order to desribe non-trivial bundles, we assoiate to eah vertex
a manifold having G as group of automorphisms (the ber is a G-torsor) and to eah edge
a morphism between the neighbouring bers. These data dene a funtor from the ategory
Π, whih has the verties of P as objets and its edge-paths as arrows, to the ategory G1 of
right G-torsors. These ategories are in fat groupoids sine their arrows are isomorphisms. We
extend this onstrution one dimension higher using not only the verties and edges but also
the oriented triangles of P . With these building bloks we dene a groupoid Π̂ whose objets
are the edge-paths of P and whose arrows are the simpliial homotopies between these edge-
paths. Then we an send Π̂ in a suitable groupoid G to represent algebraially our triangulated
surfaes. The group G ats on the arrows of G whih are loal degrees of freedom assoiated
to the triangles. Then we give a ombinatorial denition of the operator whih represents our
triangulated surfae in G. This is not a morphism, as was the ase in one dimension, but a
funtor (between bered ategories) whih we all sweeping funtor (SF).
2
In 2, we review some elementary onepts of ategory theory. We have tried to provide onise
denitions and a few examples to be as self-ontained as possible. In 3, we introdue the
simpliial objets whih are the building bloks of the groupoids Π and Π̂. In 4, we give a
denition of simpliial G-bundles. In 5, we extend this denition to bered ategories and we
dene the sweeping funtors as the parallel transport operation in bered ategories. In 6, we
illustrate these onepts with a simple example : a 2-sphere triangulated by a tetrahedron and
swept in two dierent ways in order to ompare the sweeping funtors thus dened. In 7, we
disuss the abelianisation problem. A few perspetives are presented in 8.
2 Category voabulary
2.1 Basi denitions
In this setion, we dene the onepts of ategory, groupoid, monoidal ategory and 2-ategory
[4℄. When we ompose maps in a ategory, it is often easier to follow the arrows. Thus we will
have uvw · ·· = · · · ◦ w ◦ v ◦ u.
Denitions :
a) A ategory C onsists in the following data :
- a lass of objets O ;
- a lass of arrows (or morphisms) A ;
- two maps s, t : A→ O (soure and target) ;
- an assoiative omposition of arrows ((u, v) 7→ uv) dened whenever t(u) = s(v) ;
- for eah x ∈ O, an identity arrow 1x whih is a left and right neutral element for the ompo-
sition.
b) A funtor (f : C → C′) is a map whih sends eah objet x ∈ O to an objet f(x) ∈ O′ and
eah arrow u ∈ A to an arrow f(u) ∈ A′ suh that f(uv) = f(u)f(v) whenever u and v are
omposable. If f reverses the arrows, i.e. f(uv) = f(v)f(u), it is alled a ontravariant funtor,
or simply ofuntor.
) A natural transformation (n : f → g) between two funtors (f, g : C → C′) is a lass of
arrows (nx : f(x) → g(x)), one for eah x ∈ O. The naturality of n means that for any arrow
(u : x→ y) of C we have the ommuting square in C′ :
f(u)ny = nx g(u)
The omposition of arrows in C′ indues a similar omposition of natural transformations
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(f
n
→ g
m
→ h) with nxmf(x) = (nm)x ∀x ∈ O. The funtors (f : C → C
′) and their natu-
ral transformations form a ategory noted F(C, C′).
d) A funtor f ∈ F(C, C′) is an equivalene if there exists another funtor g ∈ F(C′, C) and two
natural transformations (n : fg → IdC) and (n
′ : gf → IdC′) whose omponents are isomor-
phisms.
e) A groupoid is a ategory where all the arrows are isomorphisms.
f) A ategory C is said monoidal if it is equipped with a funtor (× : C ×C → C), a unit objet
I, and natural isomorphisms
a[A,B,C] : (AB)C
∼
−→ A(BC)
ℓA : IA
∼
−→ A
rA : AI
∼
−→ A
alled, respetively, assoiators, left unit isomorphisms and right unit isomorphisms, and satis-
fying the pentagon oherene rule
(
((AB)C)D
a[AB,C,D]
−→ (AB)(CD)
a[A,B,CD]
−→ A(B(CD))
)
=
(
((AB)C)D
a[A,B,C]×1D
−→ (A(BC))D
a[A,BC,D]
−→ A((BC)D)
1A×a[B,C,D]
−→ A(B(CD))
)
and the triangle oherene rule
(
(AI)B
a[A,I,B]
−→ A(IB)
1A×ℓB−→ AB
)
=
(
(AI)B
rA×1B−→ AB
)
g) A gr-ategory is a monoidal groupoid C where every objet A has an inverse A∗ : there
exists an isomorphism (εA : A
∗A
∼
→ I) and this implies the existene of an isomorphism
(ηA : AA
∗ ∼→ I). Roughly speaking, a gr-ategory is a ategory endowed with a group-like
struture [5℄[6℄.
Examples :
i) The nite dimensional vetor spaes over a xed eld F and their F-linear maps form the
ategory V ectF.
ii) A topologial spae T equipped with a ontinuous, free and transitive left (resp. right) ation
of a topologial group G is alled a left (resp. right) G-torsor. A morphism of left (resp. right)
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G-torsors is a ontinuous, Gequivariant map, i.e. (f : T → T ′) satises f(g · t) = g · f(t) (resp.
f(t · g) = f(t) · g) ∀t ∈ T and ∀g ∈ G. Suh maps are in fat homeomorphisms and these data
form the ategory of left (resp. right) G-torsors, denoted GL1 (resp. G
R
1 ). We will drop the L or
R supersript and onsider only right G-torsors.
iii) A mix of the two previous examples is provided by the ategory of nite dimensional F-linear
representations of G, where the morphisms are the G-equivariant linear maps. This ategory
is denoted RepF(G). The tensor produt of representation endows RepF(G) with a struture of
monoidal ategory.
iv) In  5, we will use the gr-ategory G′ whose objets are the G-bitorsors. These are the topo-
logial spaes on whih the group G ats on the left and on the right, freely and transitively.
The inverse K−1 of a bitorsor K is obtained by exhanging the left and right ations of G. The
groupoid G1 is itself a torsor under the ation of G
′
. Indeed, multiplying on the right any right
G-torsor T ∈ O(G1) by a bitorsor K ∈ O(G
′) denes a right G-torsor TK :
TK = {(t, k) ∈ T ×K}/ ∼
(t, k) ∼ (t · g, g−1 · k) ∀g ∈ G
The inverse operation is the right multipliation by K−1 [7℄.
2.2 2-ategories
In a set, the elements are only zero-dimensional objets without internal struture. A ategory
ontains also one-dimensional elements (the arrows) whih enode the internal struture of its
objets. It is natural to extend this notion one step higher to two-dimensions. This is the task
of 2-ategories.
Denition :
A 2-ategory C is dened by the following data :
- a lass of objets O ;
- a lass of 1-arrows (A1) and a lass of 2-arrows (A2) ;
- a 1-soure map s1 : A2 → A1 and a 1-target map t1 : A2 → A1 ;
- a 0-soure map s0 : A→ O and a 0-target map t0 : A→ O satisfying
s0t1 = s0s1
t0t1 = t0s1
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- a horizontal omposition × : Ap×Ap → Ap dened whenever the 0-soure of the rst p-arrow
is the 0-target of the seond one and for p = 1 or 2 ;
- a vertial omposition ◦ : A2 ×A2 → A2 dened whenever the 1-soure of the rst 2-arrow is
the 1-target of the seond one ;
- a left and right identity 1-arrow (1x : x → x) for eah objet x and a left and right identity
2-arrow (εu : u→ u) for eah 1-arrow u.
If x, y ∈ O, A1(x, y) will denote the lass of 1-arrows having x as soure and y as target, and if
u, v ∈ A1(x, y), A2(u, v) will denote the lass of 2-arrows having u as 1-soure and v as 1-target.
To simplify the notations, we will sometimes write αβ for β ◦ α and uv for v × u. A 2-arrow
α ∈ A2(u, v) is invertible when there exists β ∈ A2(v, u) suh that αβ = εu and βα = εv.
A 1-arrow u ∈ A1(x, y) is invertible if there exists u
′ ∈ A1(y, x) and an invertible 2-arrow
α ∈ A2(uu
′, 1x). This notion of invertibility up to homotopy is adapted to strutures having
automorphisms. All these data must satisfy several axioms : assoiativity (up to homotopy) of
the omposition of 1-arrows, oherene of these homotopies, ... [4℄. When all the 2-arrows of
C are invertible and all its 1-arrows are invertible up to homotopy, we say that C is a 2-groupoid.
Examples :
i) The lass of all small ategories, with the funtors as 1-arrows and the natural transforma-
tions between these funtors as 2-arrows, form the prototype of 2-ategories.
ii) In 6, we will dene the 2-groupoidΠ2 whose objets are the verties of our polyhedron, whose
arrows are its edge-paths and whose 2-arrows are equivalene lasses of simpliial homotopies
sweeping the same oriented 2-ells in (possibly) dierent orders.
3 Simpliial objets and groupoids
We give here some basi denitions about simpliial objets [8℄ and we introdue the notion of
simpliial groupoid. Our approah to homotopial algebra is very naive but uses groupoids as
main tool and funtoriality as a guideline.
3.1 Simpliial objets
Simpliial objets are the building bloks of the simplest topologial spaes : simpliial om-
plexes. This is the only type of spaes that a omputer an handle diretly.
Denitions :
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- A simpliial omplex is a family of sets K = (Kp)p∈N suh that for eah p ≥ 1, Kp is a set of
subsets σ ⊂ K0 whih ontain exatly (p+ 1) elements and suh that any non-empty subset of
σ belongs to Kq for some q ≤ p.
- An element of K0 is alled a vertex and an element of Kp is alled a p-simplex. K has pure
dimension d if Kd 6= ∅, Kp = ∅ for any p ≥ d+ 1, and K0 is the union of the d-simplies of Kd.
- The realization of K, denoted |K|, is the set of (baryentri oordinate) funtions (α : K0 →
[0, 1]) whose support, Supp(α), is a simplex and suh that
∑
v∈K0
α(v) = 1. |K| will be endowed
with the weak topology (generated by the inverse images of open sets via the α's).
- If X is a loally ompat topologial spae, a triangulation of X is a homeomorphism
(f : |K| → X) and P = (X,K, f) is alled a polyhedron.
- The edges of P are the ouples (x, y) where {x, y} is a 1-simplex of P . The degenerated edges
are the ouples (x, x) where x is a vertex of P . A nite sequene of edges ((xi, yi))0≤i≤n is
omposable if yi = xi+1 for i = 0, · · ·, n− 1.
- For all q ≥ 0, the q-skeleton of P is Xq = f(|Kq|), where |Kq| = {α ∈ |K|, Supp(α) ∈ Kq}.
3.2 Simpliial groupoids
We dene here the simpliial groupoid of a polyhedron as the ategory built with the verties
and the edge-paths of this polyhedron.
Denition : Let Π be the groupoid whose objets are the verties of P and whose arrows
are the lasses of nite sequenes ((xi, xi+1))0≤i≤n−1 of omposable edges, with respet to the
following equivalene relation :
(· · ·, (xi−1, x), (x, x), (x, xi+2), · · ·) ∼ (· · ·, (xi−1, x), (x, xi+2), · · ·)
The omposition of arrows is the onatenation of sequenes. The sequenes of the form
((x, x), (x, x), (x, x), · · ·) are identied to ((x, x)) whih is an identity arrow for this ompo-
sition. The inverse of ((xi, xi+1))0≤i≤n−1 is the reversed path ((xn−i, xn−i−1))0≤i≤n−1. Π will be
alled the simpliial groupoid of P .
Denition : Two edge-paths u = ((xi, xi+1))0≤i≤n−1 and v = ((x
′
i, x
′
i+1))0≤i≤n′−1 are said
X1-homotopi if they share the same end points and if there exists a suession of anel-
lations or insertions of neighbouring opposite edges whih transform ((xi, xi+1))0≤i≤n−1 into
((x′i, x
′
i+1))0≤i≤n′−1. u and v are said X
2
-homotopi if they share the same end points and if
u−1v an be desribed by a loop whih is ontratible in X2.
Denition : An oriented triangle of P is a q-simplex of P (q = 0, 1 or 2) with a ouple of
marked verties (x, y) (its 0-soure and 0-target) and a ouple of marked edge-paths (u, v) (its
1-soure and 1-target) joining these verties, suh that :
(i) If q = 2, uv−1 forms the boundary of a proper triangle.
(ii) If q = 1 then u = v = (x, y) (at triangle).
(iii) If q = 0 then u = v = (x, x) = (y, y) (point triangle).
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Consequently, the oriented triangles of P are of six kinds, represented by the following pitures :
✲ 
 
 
 
 
 ✒❅
❅
❅
❅
❅
❅❘• •a b
c
↑α
✲ 
 
 
 
 
 ✒❅
❅
❅
❅
❅
❅❘• •a b
c
↓α∗
In these rst two ases, the two marked points, a and b, are distint. The left ell (α : (ab) →
(ac, cb)) is the unique oriented triangle going from the edge u = (ab) to the edge-path v = (ac, cb)
and the right ell (α∗ : (ac, cb) → (ab)) is the reversed triangle. We will note (acb) the α-ells
and (acb)∗ the (reversed) α∗-ells.
✲
 
 
 
 
 
 ✠ ❅
❅
❅
❅
❅
❅■
•
a b
c
↓ β
✲❅
❅
❅
❅
❅
❅■ 
 
 
 
 
 ✠
•
a b
c
↑β∗
In these two other ases, the two marked points are idential (x = y = c) and one of the two
boundary edge-paths is redued to the degenerated edge, u = (cc) = 1c, while the other one,
v = (ca, ab, bc), desribes the whole boundary of the 2-simplex. The ell (β : (cc)→ (ca, ab, bc))
is the unique oriented triangle going from the trivial edge (cc) to the edge-path (ca, ab, bc) and
(β∗ : (ca, ab, bc)→ (cc)) is the reversed triangle. We will note (cabc) the β-ells and (cabc)∗ the
(reversed) β∗-ells.
✲• •a b •
a
✒✑
✓✏
✖✕
✗✔
◭
εaa✛✘✗✔εab
∨
The last two ases (degenerated triangles) are the identity arrows and orrespond, respetively,
to q = 1 (left) and q = 0 (right).
We now dene from Π another groupoid Π̂ whih is the simpliial groupoid of the spae of
edge-paths in P . The objets of Π̂ are the arrows of Π and the arrows of Π̂ are dened by
generators and relations.
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Denition : The elementary arrows of Π̂ are the ouples (γ, γ′) of edge-paths suh that :
(i) γ and γ′ have the same 0-soure and 0-target ;
(ii) there exists an oriented triangle σ suh that γ is X1-homotopi to s1(σ) and γ
′
is X1-
homotopi to
t1(σ), both relatively to the subset {s0(σ), t0(σ)}, i.e. these verties staying xed.
In the six ases, the p-soure and p-target (p = 0 or 1) of an elementary arrow are well dened.
Sine we are building a groupoid, the elementary arrows must also be invertible. Thus we im-
pose the following relations between our generators :
(acb)∗ ◦ (acb) = εab
(acb) ◦ (acb)∗ = ε(ac,cb)
(cabc)∗ ◦ (cabc) = εcc
(cabc) ◦ (cabc)∗ = ε(ca,ab,bc)
Denition : The arrows of Π̂ are the nite sequenes Γ = ((γi, γi+1))0≤i≤n−1 of elementary
arrows sharing the same 0-soure and 0-target. The p-soure and p-target of Γ are dened by
s0(Γ) = s(γi)
t0(Γ) = t(γi)
s1(Γ) = γ0
t1(Γ) = γn
If Γ = ((γi, γi+1))0≤i≤n−1 and Γ
′ = ((γ′i, γ
′
i+1))0≤i≤n′−1 satisfy γn = γ
′
0, i.e. t1(Γ) = s1(Γ
′), their
vertial omposite is the family ΓΓ′ = ((γ0, γ1), · · ·, (γ
′
n′−1, γ
′
n′)) obtained by onatenation.
The representations of Π̂ will provide us with the right notion of two-dimensional parallel trans-
port. But we rst need a simpliial analogue of G-bundles with onnetion, whih we introdue
in the next setion.
In order to parametrize our edge-paths and simpliial homotopies, we need a simpliial ana-
logue of the interval [0, 1]. This rle is played by the simpliial ategory ∆ whose objets are
the nite groupoids ∆p given by
O(∆p) = {0, · · · , p− 1}
A(i, j) = {(i, j)} ∀ i, j ∈ {0, · · · , p}
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The omposition of arrows in ∆p is (i, j)(j, k) = (i, k) and the identity arrows are the (i, i)'s.
The arrows of ∆ are generated by omposition of the shift maps
spk : ∆p → ∆p+1 s˜pℓ : ∆p → ∆p−1
i 7→ i (i ≤ k) i 7→ i (i ≤ ℓ)
i 7→ i+ 1 (i > k) i 7→ i− 1 (i > ℓ)
A symmetri monoidal struture is dened on ∆ by ∆p +∆q = ∆p+q and I = ∆0 = ∅.
A∆(∆p,∆p+1) = {spk / k = 0, · · · , p− 1}
A∆(∆p,∆p−1) = {s˜pℓ / ℓ = 0, · · · , p− 1}
An edge-path in P is now interpreted as a funtor (γ : ∆p → Π), p being the number of edges
of γ or its length. Π̂ is therefore the ategory of funtors (∆p → Π) :
O(Π̂) =
⋃
p∈N
O(F(∆p,Π))
The arrows of Π̂ are generated by the natural transformations between these funtors (this
supposes a ommon ∆p as soure) and by the homotopies onneting edge-paths of dierent
lenghts.
4 Simpliial G-bundles
So far, we have enoded some topologial information about the polyhedron P in the simpliial
groupoids Π and Π̂. In order to ompute anything, we need an algebrai representation of these
spaes. We dene below simpliial ber bundles with onnetion over our polyhedron P as
representations of Π. We have already dened the groupoid G1 of (left) G-torsors. The latter
are topologial manifolds whih look like G but without marked point.
Denition : A simpliial G-bundle with onnetion over the polyhedron P is a funtor (f :
Π→ G1) from the simpliial groupoid Π to the groupoid G1 of G-torsors.
The usual denition of a simpliial G-bundle refers to a simplial objet in the ategory of
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G-bundles over some spae. These objets ome without onnetion. We have used the same
terminology hoping there will be no onfusion.
Suh a funtor (f : Π → G1) assoiates to eah vertex a ∈ X
0
a G-torsor fa and to any edge-
path γ a morphism of G-torsors (fγ : fa → fb). If γ is an edge (ab), we will write it fab. When
γ is a loop based at a, fγ is an automorphism of fa, i.e. an element of G. This is the holonomy
of f along γ. From now on, we will drop the epithet simpliial whih will be understood.
Denition : Let (f : Π → G1) be a G-bundle with onnetion over P and R = (V, ρ) be a
F -linear representation of G. The vetor bundle with linear onnetion assoiated to f and R
is the funtor fR dened by
fR : Π → (G1 ×RepF (G))/ ∼
x 7→ fR(x) = (fx × V )/ ∼
xy 7→ fR(xy) = (fxy, IdV )
with the usual equivalene relation :
(t · g, v) ∼ (t, ρ(g)v)
A morphism of G-bundles is a natural transformation (n : f → g) between the underlying
funtors i.e. a morphism of G-torsors (na : fa → ga) for eah a ∈ X
0
, suh that ∀a, b ∈ X0
fab nb = na gab
Two G-bundles f and g are isomorphi when there exists an invertible natural transformation
(n : f → g). This implies that f and g have the same holonomies. The automorphisms of a
G-bundle f (its invertible natural transformations) form the gauge group
Aut(f) = F(X0, G)
and the G-bundles over P , together with their natural transformations, form the ategory
BunG(P ) = F(Π, G1).
5 Fibered ategories and sweeping funtors
We now extend the notion of G-bundle with onnetion one step higher on the n-ategory
ladder. Our approah an be related to the notion of gerbe as developed in ([9℄, [10℄, [11℄) and
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to that of ombinatorial stak [12℄. Although less general, the disretized versions are easier to
visualize than their sheaed parents.
Denition : A (simpliial) gerbe is a funtor (ϕ : B → G) from a base groupoid B to a
groupoid G whose objets are themselves groupoids. The setions of the stak ϕ are the funtors
(σ : B → ϕ(B)) suh that for all x, y ∈ O(B), σ(x) ∈ O(ϕ(x)) and if (u : x→ y) is an arrow of
B, (σ(u) : σ(x)→ σ(y)) is an arrow of the sub-groupoid ϕ(B).
From now on, we will fous on the following partiular ase. Let B = Π and let G = {G1} be the
groupoid with G1 as the only objet and its automorphisms as arrows. (These automorphisms
are the endofuntors obtained by multipliation on the right by a G-bitorsor K ∈ O(G′)). For
eah edge-path γ, Πγ denotes the sub-groupoid of Π generated by the verties and edges of γ,
ϕγ is the restrition of ϕ to Πγ , and Sγ is the ategory of setions of ϕγ . We dene S as the
bered ategory over Π̂, whose ber at γ is the ategory Sγ and whose arrows between the
bers Sγ and Sγ′ above two X
2
-homotopi paths γ and γ′ will be our sweeping funtors. Sine
ϕγ and ϕγ′ are staks above γ and γ
′
, a funtor (ψ : Sγ → Sγ′) must send a setion σ of ϕγ
to a setion ψ(σ) of ϕγ′ and an arrow (u : σ → τ) between setions σ, τ ∈ O(Sγ) to an arrow
(ψ(u) : ψ(σ) → ψ(τ)) between the image setions ψ(σ), ψ(τ) ∈ O(ϕγ′). Sine the arrows of Π̂
were obtained by generators and relations, it is suient to dene F (Sγ , Sγ′) for neighbouring
paths forming an edge (γ, γ′) of Π̂. So let α = (acb) be an oriented triangle of P . Let (σa, σb)
be a setion of (ϕa, ϕb), and (σab : ϕab(σa)→ σb) be an arrow between these objets. The image
Sα(σa, σb) = (σ
′
a, σ
′
c, σ
′
b) is the setion of (ϕa, ϕb, ϕc) dened by :
σ′a = σa
σ′c = ϕac(σa) (1)
σ′b = σb
and these objets are onneted by the arrows
σ′ac = 1σc : σc → σc (2)
σ′cb = σab ◦ (ϕacb(σa))
−1 : ϕcb(σ
′
c)→ σ
′
b (3)
The inverse move assoiates to the arrows (τac, τcb) the arrow (τ
′
ab : ϕab(τa)→ τb) dened by
τ ′ab = τcb ◦ ϕcb(τac) ◦ ϕacb(τa) (4)
Thus, to eah oriented triangle α = ((acb) : (ab) → (ac, cb)) orresponds a funtor (Sα : S(ab) →
S(ac,cb)), and to its inverse α
∗
orresponds Sα∗ = (Sα)
−1
:
12
✲ 
 
 
 
 
 ✒❅
❅
❅
❅
❅
❅❘• •ϕa ϕb
ϕc
↑Sα
ϕab
ϕac ϕcb
✲ 
 
 
 
 
 ✒❅
❅
❅
❅
❅
❅❘• •ϕa ϕb
ϕc
↓S−1α
ϕab
ϕac ϕcb
Similarly, to eah oriented triangle β = ((cabc) : (cc) → (ca, ab, bc)) orresponds a funtor
(Sβ : S(cc) → S(ca,ab,bc)), and to its inverse β
∗
orresponds Sβ∗ = (Sβ)
−1
:
✲
 
 
 
 
 
 ✠ ❅
❅
❅
❅
❅
❅■
ϕa ϕb
ϕc
•
↓Sβ
ϕab
ϕca ϕbc
✲
 
 
 
 
 
 ✠ ❅
❅
❅
❅
❅
❅■
ϕa ϕb
ϕc
•
↑S−1β
ϕab
ϕca ϕbc
Denition : To an arrow Γ = ((γi, γi+1))0≤i≤n−1 of Π̂ orresponds the funtor (SΓ : Sγ0 → Sγn)
dened by omposition :
SΓ = (Sγ1γ−10 )(Sγ2γ
−1
1
) · · · (Sγn−1γ−1n−2)(Sγnγ
−1
n−1
) (5)
This funtor SΓ will be alled the sweeping funtor (SF) assoiated to the homotopy Γ.
Remark : To dene a SF we need a suession of edge-paths and this indues an orientation
of the underlying 2-simplies. Another sequene of edge-paths sweeping the same surfae an
dene a dierent orientation of the 2-simplies and thus a dierent SF, as illustrate the follow-
ing pitures :
✲ 
 
 
 
 
 ✒❅
❅
❅
❅
❅
❅❘ 
 
 
 
 
 ✒
✲
•
•
ϕa ϕb
ϕc ϕd
↑Sacb
ϕab
ϕac ϕcb
ϕcd
ϕbd↑S
−1
cbd
✲ 
 
 
 
 
 ✒
❅
❅
❅
❅
❅
❅■
 
 
 
 
 
 ✒
✲
•
•
ϕa ϕb
ϕc ϕd
S−1abc
տ
ϕab
ϕac ϕbc
ϕcd
ϕbd
Sbcd
տ
This proess measures the urvature of the onnetion of S around a square of Π̂ whih projets
to a degenerated tetrahedron in P :
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S(ab,bd)
Sacb⊗1−→ S(ac,cb,bd)
1⊗S−1
cbd−→ S(ac,cd)
Sabc⊗1−→ S(ab,bc,cd)
1⊗S−1
bcd−→ S(ab,bd)
6 A basi example
Let's onsider as an elementary illustration of the previous denitions the ase of a tetrahedron
swept in two dierent ways determined by the following pitures :
✲ 
 
 
 
 
 ✒
❅
❅
❅
❅
❅
❅❘
❅
❅
❅
❅
❅
❅❘
 
 
 
 
 
 ✒
❄
• •a b
d
c
✲ 
 
 
 
 
 ✒
❅
❅
❅
❅
❅
❅❘
❅
❅
❅
❅
❅
❅❘
 
 
 
 
 
 ✒
✻
• •a b
d
c
We start from the path (ac, cb) with the generi word (σac, σcb) = (x, y) whose letters form a
onnetion above this initial path, we sweep the surfae path after path and we ome bak to
the base path (ac, cb) with a nal word to be ompared to the initial one. The suession of
words in the rst ase is :
(ac, cb) → (x, y)
(ab) → (xyϕ−1acb)
(ad, db) → (xyϕ−1acb, ϕadb)
(ad, dc, cb) → (xyϕ−1acb, ϕadb, ϕdcb)
(ac, cb) → (xyϕ−1acbϕadbϕ
−1
adc, ϕdcb)
And in the seond ase, we have :
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(ac, cb) → (x, y)
(ab) → (xyϕ−1acb)
(ad, db) → (xyϕ−1acb, ϕadb)
(ac, cd, db) → (xyϕ−1acb, ϕacd, ϕadb)
(ac, cb) → (xyϕ−1acb, ϕacdϕadbϕ
−1
cdb)
These two sweeping (or pasting) shemes are related by a at tetrahedron, as desribed in
the previous remark. In order to ompare the nal words to the initial one, we an make a
gauge transformation on the nal onnetion so that we obtain a word of the form (xg1, yg2).
If we ompare this nal word to the initial one, the insertion of the gi's denes a notion of
2-holonomy. This operation depends of ourse on the sweeping sheme. In order to obtain an
invariant notion of 2-holonomy, we must lift unparametrized surfaes in a bered ategory hav-
ing "more symmetry".
7 Abelianisation
In the previous setions, we have worked on the spae Π̂ of paths in P . The sweeping funtors
dened above depend on the sequene of paths γi whih sweep the surfae in X . How an we
get rid of this dependene and obtain invariant sweeping funtors whih depend only on the
swept surfae ? The pasting theorem [13℄ states that the omposition of a family of ompos-
able 2-arrows in any 2-ategory depends only on the planar oriented graph (or pasting sheme)
they dene, and not on the order of omposition. Eah pasting sheme is a disrete ow on
the swept surfae and the evolution of a path is a suession of loal homotopies. Two distant
homotopies must be represented algebraially by operations whih ommute. This is indeed
the ase when we represent these motions by insertions of letters in a word. This ommuta-
tivity is a natural onsequene of loality, but there is another ommutativity whih appears
if we are not areful with the objets on whih the innitesimal homotopies at. A mistake
is to put the same ber, say G1, above eah trivial loop and to onnet them by the identity
funtor, believing that suh a trivial gerbe on the path spae an have interesting holonomies
on surfaes sine only the 2-ells arry the "uxes" whih are our physial degrees of freedom.
But if we suppose that the onnetive struture is trivial, φab = Id : G1 → G1 is the trivial G-
bitorsor for all a, b ∈ X0. For eah oriented triangle (acb), for all x, y ∈ O(ϕa) and for any arrow
(u : x→ y), the naturality of (ϕacb : ϕab → ϕacϕcb) means the following equivariane ondition :
ϕab(u)ϕacb(y) = ϕacb(x)ϕacϕcb(u) (6)
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The relation (6) implies that for x = y, ϕacb(x) ommutes with every u ∈ Aut(x) ≃ G thus ϕacb
lands in Z(G), the enter of G. This pitfall is related to the argument used by Ekman and
Hilton to prove the ommutativity of the seond homotopy group of a topologial spae [14℄.
In fat, the most general sweeping funtors transport the setions of the bered ategory ϕu,
whih lives above the initial path u, to a setion of ϕv above the nal path v, the edge-
paths u and v being X2-homotopi. These setions are words of objets. By sweeping eah
oriented triangle, one inserts a group element in these words or regroups neighbouring letters,
as indiated by (1-4). This proess depends on the order and orientation of the elementary
2-arrows, as shown in the last remark of the previous setion. In a smooth limit, to be preisely
dened, we expet the sweeping funtors to depend on the parametrisation of the swept surfae
and to form a representation spae for the group of dieomorphisms of this surfae.
8 Conlusion and Perspetives
Let's summarise our work. We have onsidered a polyhedron P as a base spae. We have dened
its simpliial groupoid Π as the ategory whih has the verties as objets and the edge-paths as
arrows. Having xed a loally ompat topologial group G, we have dened the simpliial G-
bundles with onnetion over P as the funtors from Π to the groupoid G1 of (right) G-torsors.
The bers are assoiated to the verties of P and are onneted by the morphisms assoiated
to the edges of P . Then, we have extended this denition to two dimensions, with the groupoid
Π̂. The objets of Π̂ are the edge-paths of P and the arrows of Π̂ are obtained by sweeping a
nite number of oriented triangles in a onsistent way from an initial path to a nal one (with
the same boundary points). A bered ategory over Π̂ is then onstruted, whih assoiates to
eah path the ategory of setions of a stak in groupoids over P , restrited to this path. The
onnetion of this bered ategory of setions assoiates to eah ombinatorial homotopy Γ
between two edge-paths a funtor SΓ whih transports the setions of bered ategories along
the surfae. On a smooth surfae Σ embedded in X , the 2-ells of a pasting diagram dene
a simpliial approximation of a smooth ow and Diff(Σ) ould at on the spae of general
sweeping funtors, thus dening a representation of this group of dieomorphisms.
Perhaps the main lesson of our approah is that the disretization of geometri, set-theoreti
objets leads naturally to a desription in terms of ategories and higher algebrai strutures.
This funtorial approah seems adapted to gauge theories and string theories. Indeed, when the
energy onentrates on thin ux tubes, on loops or on membranes, these new exitations arry
information on higher dimensional ells and must be lifted into a suitable bered n-ategory.
A study of these spaes ould shed a new light on the duality relations.
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Note added : During the publiation of the present paper, Lawrene Breen informed me of his
joint work with WilliamMessing about the dierential geometry of gerbes [16℄. They found new
identities satised by the onnetion, 2-urvature and 3-urvature, whih may have a simple
interpretation in our funtorial ontext (work in progress ...).
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